
Eur. Phys. J. B          (2022) 95:182 
https://doi.org/10.1140/epjb/s10051-022-00435-5

THE EUROPEAN
PHYSICAL JOURNAL B

Regular Article - Statistical and Nonlinear Physics

Regular and chaotic motion of two bodies swinging
on a rod
Lazare Osmanov1,a and Ramaz Khomeriki2,b

1 School of Physics, Free University of Tbilisi, David Aghmashenebeli Alley, 0159 Tbilisi, Georgia
2 Department of Physics, Ivane Javakhishvili Tbilisi State University, 3 Chavchavadze, 0128 Tbilisi, Georgia

Received 5 April 2022 / Accepted 10 October 2022
© The Author(s), under exclusive licence to EDP Sciences, SIF and Springer-Verlag GmbH Germany,
part of Springer Nature 2022

Abstract. We investigate regular and chaotic dynamics of two bodies swinging on a rod, which differs from
all the other mechanical analogies: depending on initial conditions, its oscillation could end very quickly and
the reason is not a drag force or energy loss. We use various tools to analyze motion, such as Poincaré section
for quasi-periodic and chaotic cases. We calculate Lyapunov characteristic exponent by different methods
including Finite Time Lyapunov Exponent analysis. Our calculations show that the maximal Lyapunov
exponent is always positive except in the marginal cases when one observes quasi-periodic oscillations.

1 Introduction

As it follows from Poincaré–Bendixson theorem [1,2],
three first-order autonomous differential equations are
enough to observe chaos, that’s why chaotic motion is
very common not only in complex systems covering all
branches of physics [3–7], but it is also observable in
the systems with few degrees of freedom, e.g., in sim-
ple mechanical constructions [8–15], where the studies
on double pendulum [16,17] is a most prominent exam-
ple. The double pendulum has been deeply investigated
using numerical, analytical, and experimental methods,
and the computer simulations results coincide well with
experimental measurements [18].

Here we present another double pendulum (see the
main plot in Fig. 1) having perspectives for experi-
mental realization. Usually, chaotic motion is examined
keeping in mind the infinite time limit for observation,
however, in our case of fallen coupled pendula the life-
time of the oscillatory motion is large in very few cases,
mostly it ends at a finite time scale, so it’s an example
of transient chaos [19]. As far as the system is con-
servative, it seems that using energy as the main con-
trol parameter might be helpful, however, as the results
of numerical simulations show, we might observe two
extremely different ending times for the same energy
level but different initial conditions. Therefore alongside
the Poincaré map treatment and measuring the largest
Lyapunov exponent, it is desirable to examine Finite
Time Lyapunov Exponent (FTLE) calculation method
[20] which has been successfully applied in the study of
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various oscillatory systems [21–23] and even for deter-
mination of various regimes of incompressible and com-
pressible flows [24–28]. We will demonstrate that the
introduction of the FTLE method in our case appears
to be a very useful tool since it allows us to treat all
regimes for those the lifetime is not too short. We note
that the use of traditional approaches such as Poincaré
sections or calculation of the Largest Lyapunov expo-
nent requires large time scales for simulations, which is
possible only in a few cases for our system, while for
reliable measurement of FTLE the moderate time scale
∼ 100 in dimensionless units appears to be enough.

In the present paper, we consider coupled pendula
system presented in Fig. 1, where instead of a pulley
one has a rod with a screw-like surface to shift the oscil-
lation planes of the two loads from each other, which,
in principle, ensures the loads not to collide with each
other during the oscillation process. The ropes can be
wrapped completely around the rod but in our choice of
initial conditions we never observed wrapping. In this
nontrivial oscillatory model, unlike other mechanical
systems, the motion does not last forever even in fric-
tionless cases. This happens because oscillating loads
could fall off if one of the loads reaches the rod or if
the rope jumps from the rod. We also stop numerical
calculations when the tension of the rope becomes zero
because then our equations don’t make any sense. How-
ever, in our simulations, we have never observed the
latter scenario. Because of this fact, the construction of
any kind of bifurcation diagram becomes an even more
complicated task (for us even impossible) than in con-
ventional conservative systems, since two infinitesimally
close points in phase space can produce either quickly
ending or long-lasting oscillating regimes. Thus the ulti-
mate goal of the study is to characterize quantitatively
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Fig. 1 Upper graph: schematics for coupled fallen pendula
system. m1, m2 are masses of the loads, and l1, l2 are dis-
tances between the loads and touching points of the rope
with the rod. The radius of the rod is R. The rope can
slide without friction on the rod. The arrows indicate oscil-
lation directions of the loads, angle θ grows in the posi-
tive, counterclockwise direction, while phi in the clockwise
direction. Lower graphs display density plots obtained from
calculations of the largest value of Finite-time Lyapunov
exponents for different initial values of φ, θ, and l1/L. In
the left graph we fix l1(0)/L = 0.04, while in the right
graph θ(0) = π/10 is chosen; In both cases we have fixed
mass ratio as m1/m2 = 1.1 and Ratio of radius to full
length as R/L = 1/25 and take all initial velocities as

θ̇(0) = φ̇(0) = l̇1(0) = 0

both quickly ending and long-lasting regimes by char-
acteristic Lyapunov exponents calculated via the FTLE
method.

Thus, below in the paper, we, first of all, investi-
gate long-lasting oscillatory regimes of coupled pendula
system by traditional methods of oscillatory systems,
namely Poincaré maps representation is exploited and
calculation of largest Lyapunov exponent is undertaken
via analyzing initially infinitesimally close chaotic long-
lasting trajectories. The results for such cases are com-
pared with the FTLE method and then the latter is
used for a wide range of initial conditions (irrespec-
tive of the lifetime of respective oscillatory regimes)
displayed in the lower graphs of Fig. 1. Namely the den-
sity plots are presented for largest FTLE varying initial
values of relative distance l1/L between first load and
the rod (L is a total length of the rope) and deviation
angles θ and φ from equilibrium positions of the first
and second loads, respectively. In both plots, we keep
all initial velocities equal to zero.
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Fig. 2 Quasi-periodic and chaotic dynamics of the fallen
pendula system. These graphs represent trajectories of both
loads in different colors (x and y are Cartesian coordinates
of the loads). In the upper graph θ(0) is taken equal to
zero and in the lower graph θ(0) = π/10. In both cases

φ(0) = π/10, � = 0.05 and all the initial velocities φ̇(0),

θ̇(0) and �̇(0) have a zero value. dimensionless parameters
are as it follows: m1/m2 = 1.1, R/L = 1/25

2 Equations of motion

Equations of motion are derived using Newton’s second
law and we can immediately come up with the following
system with the notation used in Fig. 1:

T = m2(l2θ̇2 − l̈2 + Rφ̈) + m2g cos θ

g sinφ = φ̇2R − (φ̈l1 + 2φ̇l̇1)

g sin θ = θ̇2R − (θ̈l1 + 2θ̇l̇1)

T − m1g cos φ = m1(l1φ̇2 − l̈1 + Rφ̈) (1)

where T is the tension of the rope, L is its total length,
l1 and l2 are the distances between first and second
loads and touching points of the rope with the rod, it
is easy to see that l1 and l2 are connected via simple
relation:

l2 = L − R(π − φ − θ) − l1. (2)

Let us note that it has no physical sense to continue
the simulations on Eq. (1) if l1, l2 or l3 = R(π − φ − θ)
reach zero value (l3 is a part of the rope touching the
rod). In such a case we stop calculations and associate
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Fig. 3 Main plot: System lifetime (escape time) depen-
dence on initial value φ(0). Other initial parameter values
are �(0) = 0.05 and θ(0) = π/10, dimensionless parameters
are: m1/m2 = 1.1, R/L = 1/25. All initial values of time

derivatives φ̇(0), θ̇(0) and �̇(0) are zero. By green, blue and
red color are defined the escape times when either l1, l2 or l3
becomes zero (Green, blue and red colors represent reach-
ing of the conditions l1 = 0, l2 = 0 and l3 = 0, respectively).
Inset shows the estimate ( slope of dashed line) of escape
rate, where the time step size is taken equal to 1000. In
vertical axis we count how many trajectories survive after
certain time steps and then we calculate the slope of the
obtained curve. In these conditions we get escape rate value
κ = 1/10.5

this moment with the ending time (lifetime) of the pro-
cess.

Proceeding with dimensionless time t → t
√

g/L and
introducing new length definitions � = l1/L, l ≡ l2/L,
r = R/L we get three equations for three independent
variables φ, θ and �:

(lθ̇2 − l̈ + rθ̈) + cos θ =
m1

m2

[
(�φ̇2 − �̈ + rφ̈) + cos φ

]

sin φ = φ̇2r − (φ̈� + 2φ̇�̇), sin θ = θ̇2r − (θ̈l + 2θ̇�̇)
(3)

together with relation l = 1 − r(π − φ − θ) − � coming
from (2).

In simulations on Eq. (3) we observe four differ-
ent forms of motion: the first one is the equilibrium
case, which eventually happens only if m1/m2 = 1 and
φ(0) = θ(0) = 0, the second one is quickly ending cases
where we can not say whether the process is chaotic
or not, the third scenario is the quasi-periodic motion
that never ends and might happen, for instance, in case
of m2 > m1 and in the small initial angle limits φ � 0
and θ � 0.2 (all the initial velocities taken equal to
zero), and finally we observe chaotic regimes which last
enough time to characterize the motion by Poincaré
sections and Lyapunov exponent.

Fig. 4 Poincaré sections for Quasi-periodic and chaotic
motions. Dimensionless parameters and initial values of vari-
ables for Quasi-periodic behaviour in upper graph are as
follows: m1/m2 = 1.1, R/L = 1/25, θ(0) = 0 and φ(0) =
π/5, π/7, π/8, π/9, π/10, while in all graphs the initial val-

ues of time derivatives φ̇(0), θ̇(0) and �̇(0) we keep equal to
zero. For middle graph we have slightly changed θ(0) tak-
ing it equal to π/30 and still monitor quasi-periodic motion
(orange curves we borrow from upper graph which corre-
spond to the case φ(0) = 0.3 and θ(0) = 0). In the Lower
graph with θ(0) = π/10 the motion is strongly chaotic (note,
the orange curves are still kept). Reduced initial length of
the rope in all cases is �(0) = 0.05

3 Quasi-periodic and chaotic regimes

As for quasi-periodic motion, first of all, it is realized
that if we have reduced degrees of freedom of the system
fixing initial θ = 0 and θ̇ = 0, those variables remain
zero forever. Then one gets an oscillatory regime with
an infinite lifetime shown in the upper graph of Fig. 2.
In this case the system has a finite number of distinct
oscillation periods, but it should be mentioned that
this low dimensional case is full of chaotic trajectories,
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moreover, in this case, quasi-periodicity coexists with
the chaos. this is a well-known and already fully inves-
tigated problem called ”body swinging on a pulley” see
ref. [29] Paragraph [7.4.3]. While in the lower graph of
Fig. 2 we present the case when θ(0) �= 0 for which the
process seems chaotic and we are going to investigate
this regime via different methods. We have measured
the energy of the quasi-periodic case with initial θ and
θ̇ equal to zero and then monitored the chaotic dynam-
ics with the same energy for all the values with θ or θ̇
not equal to zero (see Fig. 5).

On the other hand, choosing a nonzero initial value
for θ we could not build some bifurcation diagram of
transition to chaos: Besides the problems arising in con-
ventional oscillatory systems, here we have one more
related to ”quickly ending” feature of the considered
case. Indeed, even for an infinitesimal value of θ(0),
system motion could be ended very quickly. Therefore,
to distinguish between quickly ending and long-lasting
regimes, we have plotted the graph which helps us to
detect the point of transition from a quickly ending sce-
nario towards the long lasting-chaotic regime. On the
diagram presented in Fig. 3 the dependence of ending
time (the time which is needed for l1,l2 or l3 to reach
zero value) on the initial angle of first pendulum φ(0)
is depicted, where we fix other initial values as follows:
�(0) = 0.05, θ(0) = π/10, (all initial velocities are zero)
and change initial value of φ. In all our simulations we
choose parameters m2/m1 = 1.05 and r = 1/25. We
also constructed the graph which shows how many tra-
jectories survive at some specific time, based on this
graph we have calculated one of the crucial quantity
”escape rate” which measures how quickly trajectories
escape from any neighborhood of the non-attracting
chaotic set. The ”escape time” sensitively depends on
φ(0), as one can see in Fig. 3. At the ultimate left and
right ends of the graph the oscillation lifetime is linearly
dependent on φ(0) but between those two regions points
are chaotically distributed on a graph and we show that
this is the range where the chaos in the system takes
place. As we have already mentioned this system has
three stopping conditions when escape from the long-
lasting dynamics takes place, we colored each escape
condition on the graph to clearly show which one of
these three conditions has more effect on the system’s
dynamics. As far as in this initial values range the pro-
cess lasts for a long time, we can proceed with drawing
Poincaré sections and calculating the largest Lyapunov
exponents. The whole phase space is six-dimensional,
thus for drawing Poincaré sections we collect the values
of variables choosing a definite value for �̇ = 0, then we
construct the map in the plane of φ̇ versus φ, shown
in Fig. 4 for quasi-periodic and chaotic motions. As we
have mentioned above, for quasi-periodic motion, first
of all, we have fixed θ = 0 and change φ(0) keeping
the initial velocities equal to zero (see different color
curves corresponding to various initial angles φ(0) in
the upper graph of Fig. 4). Increasing initial angle θ(0)
and keeping φ(0) = 0.3 we still stay in the quasi-
periodic regime (largest Lyapunov exponent is nega-

tive) and corresponding Poincaré sections are displayed
in the middle graph of Fig. 4. This quasi-periodic regime
survives until θ(0) = 0.18. as we have already men-
tioned this system is high dimensional unlike the ”body
swinging on a pulley” problem [29] that is the reason
of intersections of quasi-periodic trajectory lines when
θ > 0 as they are projections from a higher dimensional
space onto the plane. For larger values of θ(0) and still
keeping φ(0) = 0.3 the dynamics becomes chaotic and
in lower graph of Fig. 4 we have chosen the initial value
θ(0) = π/10. In all graphs of Fig. 4, the depicted tra-
jectories are taken from the lifetime graph depicted in
Fig. 3 (for those trajectories oscillation lasts for approx-
imately 100000-time units).

Next, we calculate the largest Lyapunov exponent
for quantitative characterization of specific chaotic tra-
jectories, namely for those two trajectories which are
initially infinitesimally close to each other and both of
them do last sufficient time t0 to collect the information
about their deviation. We calculate largest Lyapunov
exponent λmax using two different methods [30–32]. The
expression for λmax reads as follows:

λ = lim
t→t0

lim
δφ0→0

1
t

ln
δφt

δφ0
(4)

where δφt is deviation of two trajectories after time
t and δφ0 is initial perturbation at t = 0. For cal-
culation of maximal Lyapunov exponent, we monitor
the evolution of difference in time of angle φ for two
close trajectories. In the main plot of Fig. 6, one can
see the evolution of ln (δφt/δφ0) in time and the tan-
gent of the inclination angle of the adjusting line is the
largest Lyapunov exponent. For that particular trajec-
tory the value is λmax = 0.026. At the same time,
to be more confident, we have calculated the largest
Lyapunov exponent by another method which provides
dividing of the same chaotic trajectory by N parts,
then the calculation of the largest Lyapunov exponent
of each part and finally averaging it (see ref [31,32]). In
the upper inset of Fig. 6, one can see the averaging pro-
cedure of different λ-s (horizontal straight line displays
the averaged value). After comparing it with the previ-
ous result we came up with a good agreement between
these two calculations as λmax = 0.026 calculated by
the first method and λmax = 0.024 calculated by the
second method.

To include not only long-lasting regimes in our quan-
titative analysis, we also apply here Finite Time Lya-
punov Exponent calculations as well. For this let us
define three component deviation vector after time t
as δXt ≡ (δ�t, δφt, δθt) with the main emphasis that
its components are the functions of infinitesimal initial
perturbations δ�0, δφ0 and δθ0, i.e. one can explicitly
write δXt ≡ δX(t, δ�0, δφ0, δθ0). Then one has simple
matrix connection δXt = L̂ · δX0 between initial per-
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Fig. 5 Here we fixed energy E = 0.304 for the following parameters: θ0 = 0, φ0 = 0.4, l = 0.05 and all initial time
derivatives are zeros. Then, keeping the same energy, we are changing initial parameters in case of nonzero θ value

Fig. 6 Main plot: Maximal Lyapunov exponent calculated by a simple method of monitoring evolution of infinitesimally
close trajectories’ deviation. black line represents averaged trajectory differences for very close 200 trajectories Then fitting
the inclination of the evolution of the function ln (δφt/δφ0) (blue straight line) gives the value of maximal Lyapunov
exponent as λ = 0.026. The upper inset shows the calculation of the maximal Lyapunov exponent by dividing the same
chaotic trajectory by N = 45 parts, filled red circles stand for the largest Lyapunov exponent of each part, while the
horizontal straight line indicates the averaged value. Blue stars in the same graph, for comparison, present the same largest
Lyapunov exponents, but now for a quasi-periodic regime. Lower inset depicts the dependence of FTLE on time working
on the same chaotic trajectory. The initial conditions and dimensionless parameters are following: φ(0) = 0.3 �(0) = 0.05,

θ(0) = π/10, All initial values of time derivatives φ̇(0), θ̇(0) and �̇(0) are zero and m1/m2 = 1.1, R/L = 1/25
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turbations and final trajectory deviation, where

L̂ =

⎡

⎢⎢⎢⎢
⎢
⎣

δ�(t,δ�0,0,0)
δ�0

δ�(t,0,δφ0,0)
δφ0

δ�(t,0,0,δθ0)
δθ0

δφ(t,δ�0,0,0)
δ�0

δφ(t,0,δφ0,0)
δφ0

δφ(t,0,0,δθ0)
δθ0

δθ(t,δ�0,0,0)
δ�0

δθ(t,0,δφ0,0)
δφ0

δθ(t,0,0,δθ0)
δθ0

⎤

⎥⎥⎥⎥
⎥
⎦

.

Then according to [20] one should calculate maxi-
mum eigenvalue Λmax of the matrix L̂T L̂ and Largest
Lyapunov exponent could be identified as

λmax =
1
t

ln
(√

Λmax

)
. (5)

In the lower inset of Fig. 6, we display the time depen-
dence of this value for the same long-lasting chaotic
trajectory which shows maximal Lyapunov exponent
λmax = 0.025 in long time scale run and see that already
at t = 50 the FTLE gives realistic values for λmax. Thus
the method could be applied for finite time processes
and we show in lower graphs of Fig. 1 the maximal
Lyapunov exponent map for the wide range of initial
values of �, φ, and θ. It should be emphasized that for
all initial values one has positive values for the maximal
Lyapunov exponent (Fig. 6).

4 Conclusions

Quasi-periodic and chaotic features are fully investi-
gated by tools such as Poincaré sections, Largest Lya-
punov characteristic exponents, and Finite-Time Lya-
punov Exponent method for the fallen pendula model.
They reveal Quasi-periodic motion when θ = 0 and
for small inclination angles of φ. The system becomes
chaotic in all cases except marginal ones with small ini-
tial deviation angles. This has been proven by the cal-
culation of Finite-Time Lyapunov exponents (FTLE)
and we believe that using the FTLE method for other
oscillatory systems with a finite lifetime will be an effec-
tive tool for the investigation of transition points from
regular to chaotic motion.
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