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In this paper we study relativistic dynamics of charged particles co-rotating with pre-
scribed trajectories, having the shape of dipolar magnetic field lines. In particular, we

consider the role of the drag force caused by the photon field the forming of equilibrium

positions of the charged particles. Alongside a single particle approach we also study
behaviour of ensemble of particles in the context of stable positions. As we have shown,

together they create surfaces where particles are at stable equilibrium positions. In this

paper we examine these shapes and study parameters they depend on. It has been found
that under certain conditions there are two distinct surfaces with stable equilibrium

positions.
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1. Introduction

Recent studies of the origin of cosmic rays (Refs. 1, 2) is a long standing problem

in astrophysics and therefore, understanding the origin of very high energy (VHE)

particles is one of the major tasks one has to addrress. There are several proposed

processes which try to explain how VHE particles have such huge energies. One of

them is the so called Fermi acceleration mechanism which states that the particles

are accelerated by means of collision against moving magnetic walls in interstellar
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medium (Refs. 3, 4, 5), but as it has been realised, this process requires relativistic

pre-acceleration of particles (Ref. 6). Another approach, which we are considering

in this article, is a mechanism hypothesised by Gold for explaining high energy

emission from pulsars (Refs. 7, 8). The author states that, since magnetic field in the

pulsar magnetosphere is huge, charged particles follow the rapidly co-rotating field

lines and as a result they experience extremely strong centrifugal force, leading to

generation of VHE particles. One can straightforwardly verify the aforementioned

assumption. In particular, the particles are in frozen-in condition if the plasma

energy density is less than that of the magnetic field, γmec
2n

GJ
≤ B2/(8π), where

c is the speed of light, γ is electron’s relativistic factor, me is its mass, n
GJ

=

ωB/(2πec) is the Goldreich-Julian number density (Ref. 9), ω is the angular velocity

of rotation, B denotes magnetic field and e is electron’s charge. By assuming dipolar

behaviour of the latter, B ' Bst (rst/r)
3
, where r is the radial distance from the star,

Bst ' 1012Gauss is the magnetic field close to its surface (Ref. 9) and Rst ' 10km is

star’s radius one can show that the aforementioned condition for highly relativistic

electrons with γ ' 106 is satisfied for distances r/rlc < 1, where rlc = c/ω is the

length scale of the light cylinder (LC) (a hypothetical area, where the linear velocity

of rotation exactly equals the speed of light). The similar analysis can be obtained

in the active galactic nuclei (AGN) as well.

If one takes relativistic effects into account, some interesting phenomena can

happen. In particular, in (Ref. 10) authors have studied dynamics of particles mov-

ing along co-rotating straight channels. As it has been shown, particles initially

radially accelerate, but since azimuthal velocity increases by reaching the LC sur-

face, in due course of time, the radial component starts decreasing. It is worth noting

that VHE particles observed nearby the Solar system are good indicators of force-

free dynamics, which in turn, means that a good approximation to describe such

a system is to assume that particles follow co-rotating field lines having the shape

of Archimede’s spiral (Ref. 11). Mechanism of magnetocentrifugal acceleration has

been successfully applied to a variety of astrophysical objects such as black holes

(Refs. 12, 13, 14, 15) and pulsars (Refs. 16, 17, 18, 19).

Generally speaking, it is worth noting that magnetospheres of astrophysical

objects are imbedded in photon fields, the origin of which might be either thermal or

nonthermal radiation. Therefore, particle dynamics might be strongly influenced by

existence of the mentioned fields. In particular, the photon field will inevitably create

a drag force, which will alter the overall dynamics of particles. In (Ref. 20) we have

considered this problem for the co-rotating channels located in the equatorial plane.

It has been found that by means of the photon drag force the particle acceleration

is slightly reduced. One of the interesting features, characterising such systems,

is that under certain conditions particles gather at stable equilibrium positions.

These areas, in principle, might be detectable and therefore, it is even necessary

to generalise the previous work and study the same problem for three-dimensional

configurations of magnetic field lines and see the 3D map of such equilibrium zones.
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The paper is organised in the following way. In section 2 we present a theoretical

model of centrifugal acceleration in the background of isotropic photon field, in

section 3 we consider our results and in section 4 we summarise them.

2. Theoretical model

In this section we examine the motion of particles along channels rotating with

constant angular velocity, ω, around z axis. The shape of the channel-wire is given

parametrically (with the parameter p) in Cartesian coordinates:

r = x(p)̂i + y(p)̂j + z(p)k̂ (1)

As in the previous paper (henceforth paper-I) we study dynamics of centrifugally

accelerated particles influenced by the relatively dense photon field, which are nor-

mally present in spinning magnetospheres of some astrophysical objects. In the

framework of the paper we assume that the ”photon sea” is isotropic in the labo-

ratory frame (LF) of reference. By means of the photons, the particles apart from

the centrifugal effects experience the so-called photon drag force

Ff = −βγ2V, (2)

where by γ we denote the Lorenz factor of the particle, V denotes its velocity in

the laboratory reference frame (LF), β is presented by

β =
4

3
σ

T
U (3)

and U is the energy density of the photon field and for the speed of light we use

c = 1.

For the rotating system the radius vector of the particle in the LF at any moment

of time can be given by

R = X î + Y ĵ + Zk̂, (4)

where

X = x(p(t)) coswt− y(p(t)) sinwt, (5)

Y = x(p(t)) sinwt+ y(p(t)) coswt, (6)

Z = z(p(t)). (7)

Consequently, the total velocity of particle in the LF writes as

V =
dR

dt
. (8)

Likewise the approach developed in paper-I, effectively the particles sliding along

prescribed corotating trajectories with constant shape in the corotating frame (CF)

of reference, except Ff also experience the reaction force, N. Therefore, the equation

of motion is given by

dP

dt
= Ff + N (9)
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where P denotes Particle’s relativistic momentum

P = γmV, (10)

and m is the mass of the particle.

By introducing the tangent vector to the path of the particle

T =
∂R

∂p
, (11)

from Eq. (9) one can derive following identity(
dP

dt
− Ff

)
· ∂R
∂p

= 0, (12)

which after straightforward simplifications lead to the following second order ordi-

nary differential equation for p(t)
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Fig. 1. Here we plot graphs of p and ṗ versus time for different initial positions. The set of

parameters is m = 1, ω = 1, β = 1.0, L = 1, α = π/3 and φ = π/4, ṗ(0) = 0.1, p(0) = 0.3 (dotted

line), p(0) = 0.2 (dashed line) and p(0) = 0.1 (solid line).

d2p

dt2
=
β (ṗS + ωd)

√
∆

mΓ
+
P3ṗ

3 + P2ṗ
2 + P1ṗ+ P0

Γ
(13)

where all supplementary functions, d, r, S, Sp, rp, Γ, ∆, P0, P1, P2, P3, Px and

Py are explicitly given in Appendix A (see Eqs. A.1). It is obvious that a solution

for the parameter p(t) is enough to describe dynamics of the particle because it

moves alongside a prescribed channel.

3. Discussion

In this section we study stable equilibrium states which are caused by photon field

drag force. For this purpose, as a natural example, we examine dipolar configuration

of magnetic field lines. We assume that the magnetic dipolar momentum is inclined

by the angle φ with respect to the axis of rotation. The corresponding shape of the

field lines in the XOY plane is given parametrically as
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x0 = L sin2 p cos p, (14)

y0 = L sin3 p, (15)

where L defines the length-scale of the dipolar field line. Any other field line might

be given by the rotation of the curve with the angle α around the x axis and with

π/2− φ, around the y axis respectively, resulting in the following parametric form

of the curve

x = x0 sinφ+ y0 sinα cosφ, (16)

y = y0 cosα, (17)

z = y0 sinφ sinα− x0 cosφ, (18)

which should complement Eq. (13).
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Fig. 2. Plots of p(t) and ṗ(t) with different values of ṗ(0). The set of parameters is m = 1, ω = 1,

β = 1.0, L = 1, α = π/3 and φ = π/4, p(0) = 0.1, ṗ(0) = 0.3 (dotted line), ṗ(0) = 0.2 (dashed
line) and ṗ(0) = 0.1 (solid line).

3.1. Motion of one particle

In paper-I we have shown that the particles following the field lines either will gather

somewhere inside the LC because of the photon drag force, or reach the area of the

LC. In the latter case the effective reaction force becomes extremely large and the

field lines cannot to hold the particle anymore.

We consider several interesting cases with different parameters. In Fig. 1 we show

the behaviour of p(t) and ṗ(t) for different values of p(0). The set of parameters

is m = 1, ω = 1, β = 1.0, L = 1, α = π/3 and φ = π/4, ṗ(0) = 0.1, p(0) = 0.3

(dotted line), p(0) = 0.2 (dashed line) and p(0) = 0.1 (solid line). As it is clear from

the plots, as p(t) as ṗ(t) asymptotically tend to equilibrium values. On the other

hand, these values explicitly define location and velocity of a particle, therefore one

can conclude that a stable equilibrium position is independent of initial conditions.

This is a general feature and can be straightforwardly checked by direct numerical
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Fig. 3. (a) Trajectories in the LF for different initial positions. The set of parameters are m = 1,
ω = 1, β = 1.0, L = 1, α = π/3 and φ = π/4, ṗ(0) = 0.1, p(0) = 0.3 (dotted line), p(0) = 0.2

(dashed line) and p(0) = 0.1 (solid line). (b) Trajectories in the LF for different values of ṗ(0). The

set of parameters are m = 1, ω = 1, β = 1.0, L = 1, α = π/3 and φ = π/4, p(0) = 0.1, ṗ(0) = 0.3
(dotted line), ṗ(0) = 0.2 (dashed line) and ṗ(0) = 0.1 (solid line).

calculations. In particular, in Fig. 2 we plot the similar graphs, but for different

values of ṗ(0). The set of parameters is m = 1, ω = 1, β = 1.0, L = 1, α = π/3

and φ = π/4, p(0) = 0.1, ṗ(0) = 0.3 (dotted line), ṗ(0) = 0.2 (dashed line) and

ṗ(0) = 0.1 (solid line). Likewise the results shown in the previous figure, it is clear

that in due course of time the values of p(t) and ṗ(t) both tend to asymptotic values,

which means that the particles reach an equilibrium position.

The asymptotic value of p means that the particles’s position on the field line

is constant. On the other hand, the field lines are co-rotating, which means that

asymptotically the trajectory of particles in the LF will tend to a circular shape.

In Fig. (3) we show the trajectories of particles in the LF of reference. In particu-

lar, on (a) we plot the trajectories of particles corresponding to the set of parameters

of Fig. 1 and on (b) we demonstrate the results corresponding to Fig. 2. As it is

clear from both figures, regardless of the initial conditions the particles’s trajecto-

ries, initially having a shape of spirals, asymptotically tend to circular motion.

3.2. Stable equilibrium positions

As we have already seen, a single field line collects the particles in certain positions.

Other field lines might have equilibrium positions in different points (Ref. 20). In

this context it is worth noting that each field line is characterised by two parameters

L and α, which in turn means that stable equilibrium points of all field lines will

create a surface. This means that from the co-rotating frame (CF) of reference the

charged particles will gather on a certain two dimensional surface as shown in Fig. 4.

The set of parameters is m = 1, ω = 1, β = 1.0 and φ = π/4. As it is evident,

for the mentioned parameters, independently on the initial conditions the particles

sliding along different magnetic field lines finally will be gathered on a surface with

a quite non trivial shape. On the other hand, the shape itself should depend on

central object’s angular velocity, ω, angle between the angular velocity vector and
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Fig. 4. Plot for the stable equilibrium plane. The set of parameters are m = 1, ω = 1, β = 1.0

and φ = π/4.

the dipole momentum, φ, and the parameter β/m.

As a first example we examine dependence on φ. In Fig. 5 we show equilibrium

surfaces for different angles between the angular velocity and the magnetic dipole

momentum. The set of parameters is m = 1, ω = 1, β = 1.0, (a) φ = π
4 , (b) φ = π

3 ,

(c) φ = π
2 . As it is clear from the plots, higher values of φ lead to the higher deviation

of the surfaces from the equatorial plane. Another interesting feature is splitting of

the surfaces which becomes more distinct also for higher values of the inclination

angle. In particular, for φ = π/2 (see (c) in Fig. 5) one can clearly distinguish two

different areas of the equilibrium surface.

In Fig. 6 we demonstrate the dependence of shapes of equilibrium surfaces on

the angular velocity of rotation. The set of parameters is m = 1, φ = 1, β = 1.0,
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Fig. 5. Plot for the stable equilibrium surfaces for different values of φ. The set of parameters is

m = 1, ω = 1, β = 1.0, (a) φ = π
4

, (b) φ = π
3

, (c) φ = π
2
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Fig. 6. The stable equilibrium surfaces for different values of angular velocities. The set of pa-
rameters is m = 1, φ = 1, β = 1.0, (a) ω = 1.2, (b) ω = 2.0, (c) ω = 3.2.
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(a) ω = 1.2, (b) ω = 2.0, (c) ω = 3.2. The plots make it evident that for higher

values of ω the corresponding structure is relatively squeezed, becoming close to the

axis of rotation. The reason of such a behaviour is that, on the one hand, stable

equilibrium position can’t exist outside of the LC area because the velocity of a

particle in the LF cannot exceed the speed of light. On the other hand, the LC

radius behaves as 1/ω, therefore, the corresponding surface will be more squeezed

for higher values of angular velocities.
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Fig. 7. The stable equilibrium surfaces for different values of β/m. The set of parameters is

m = 1, φ = 1, ω = 1.0, (a) β/m = 1.6, (b) β/m = 3.0, (c) β/m = 6.0.

The behaviour of a shape of the surface versus β/m is shown in Fig. 7. The set of

parameters is m = 1, φ = 1, ω = 1.0, (a) β/m = 1.6, (b) β/m = 3.0, (c) β/m = 6.0.

As one can see from the plots, by increasing the effects of the drag force (increasing

value of β/m) more particles are gathered close to the axis of rotation. This is a

natural results, because as it is clear from Eq. (2), the drag force is proportional to

γ2V . On the other hand for higher values of β/m the Lorentz factor will be smaller

and consequently particles mostly will gather in a relative vicinity of the rotation

axis and as a result the structure will be squeezed.

3.3. Archimedes’ spiral

It is worth noting that in the aforementioned analysis we focused on particle dy-

namics and we did not take into account reconstruction of a magnetosphere on the
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LC zone. In particular, by means of the curvature of field lines, drift of particles

is driven along the axis of rotation, creating strong current. As a result, an addi-

tional toroidal component of magnetic field is generated leading to twisting of the

field lines. The reconstraction of the magnetosphere is parametrically enhanced by

centrifugal mechanism and as it has been shown in (Ref. 21) the process terminates

as soon as the magnetic field lines obtain the shape of the Archimedes’ spiral.
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0

1
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3

Fig. 8. New shape of a field line (solid line) showing a transition from the dipolar configuration
to the Archimedes’ spiral. Dotted line shows the original dipolar field line and by the dashed line

we represent the Archimedes’ spiral. The set of parameters is: L = 2, rc = 0.7L, α = −10.

We consider a new shape of the field line which is dipolar at the beginning and

smoothly transforms into the Archimedes’ spiral (see Fig. 8). The set of parameters

is: L = 2, rc = 0.7L, α = −10. Here we show the results for two dimensional case
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which straightforwardly can be generalized for 3D. As it has been shown in previous

sections particles radially stop at stable equilibrium positions inside the LC. It is

obvious that if a radial coordinate of stable equilibrium position is less than the

radial coordinate of the critical point rc, thus the point where the dipolar field line

starts transforming into Archimedes’ spiral then nothing changes. On Fig. 9 we

show this particular case. The set of parameters is: L = 2.0, rc = 0.7L, α = −10.0,

ω = 1.0, m = 1.0, β = 1.0, p(0) = 0.21, ṗ(0) = 0.1. As it is clear from the plots, the

radial coordinate tends to a constant value, indicating the equilibrium position. On

the contrary, if a radial coordinate where the transition starts is more or equal than

rc, the equilibrium position disappears. On Fig. 10, with the same set of parameters

except rc = 0.4L, we show the time dependence of the radial coordinate and it is

evident that asymptotically r(t) linearly depends on time and consequently, the

corresponding stable point disappears.
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Fig. 9. On this figure we show the temporal evolution of radial coordinate and the corresponding
velocity component. The set of parameters is: L = 2.0, rcritical = 0.7L, α = −10.0, ω = 1.0,
m = 1.0, β = 1.0, p(0) = 0.21, ṗ(0) = 0.1.

In the previous analysis, where we have considered only dipolar field lines, the

stable equilibrium extends up to the LC. On the other hand, the effects of twisting,

as it has been shown in (Ref. 21) occurs on the LC zone in a thin layer with a

thickness, of the order of ∆r ' Rlc/(2γ). Since the typical relativistic factors of

electrons in the pulsar or AGN magnetospheres are at least of the order of 106, it

is clear that an ”error” of obtained results is almost negligible.

4. Summary

(1) We considered three dimensional dynamics of particle motion in the co-rotating

magnetospheres with the presence of the photon ”sea” to understand the effect

of the photon field by means of the radiation drag force on motion of particles. It

has been shown that each of the field lines might have its own stable equilibrium

position which depends on several parameters.

(2) By taking the dipolar magnetic field configuration into account we have shown

that considering all field lines equilibrium points create a surface. Obviously
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Fig. 10. Here we plot the temporal behaviour of radial coordinate. The set of parameters is the

same as in the previous figure except rc = 0.4L.

this surface is located inside the LC, which in turn, means that the bigger

the angular velocity the smaller the surface length-scales. Shape of this surface

depends on different parameters such as its angular velocity of rotation, dipole

momentum inclination and the ratio of drag force coefficient and the particle

mass.

(3) We have found that as φ increases a stable equilibrium surface changes its

whole configuration: for relatively small angles there is only one surface, which

for higher values of φ splits into two different surfaces. Similar analysis with

considering different values of angular velocity has revealed that the correspond-

ing structure becomes more squeezed for higher values of ω. By studying the

shape of the surface versus β/m, somewhat similar results has been obtained:

for larger values of the photon drag force the surface of the equilibrium state

becomes closer to the rotation axis but it is still spanned to the LC area.

(4) We have analysed for 2D geometry dynamics of particles when the field lines

are twisted and transformed into the Archimedes’ spiral. It has been found that

only in a thin layer close to the LC condition of equilibrium is violated.

In this paper we have studied the role of photon drag force theoretically, without

a direct applycation of the mathematical model to particular astrophysical scenarios

with prescribed photon fields. On the other hand, it is obvious that magnetospheres

of pulsars and AGN might provide all necessary conditions for the frozen-in condi-
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tion (see the corresponding discussion in the introduction), which is a key point for

the current approach. As a next step it could be interesting to apply the developed

model to the mentioned class of objects and see how the centrifugal mechanism of

acceleration is reduced by means of the photon sea. Generally speaking, the photon

sea can be provided by the synchrotron emission of the same particles involved in

the process of acceleration. Therefore, the tools developed in this paper might have

very interesting consequences in different astrophysical scenarios.
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Appendix A. Appendices

Below we give explicit expressions of all supplementary functions used in Eq. (13)

d = xy′− x′y, r2 = x2 + y2, S = x′2 + y′2 + z′2, Sp =
1

2

∂S

∂p
= x′x′′ + y′y′′ + z′z′′,

rp =
1

2

∂r2

∂p
= xx′+yy′, Γ = x′2

(
x2ω2 − 1

)
+z′2

(
ω2r2 − 1

)
+2xx′yω2y′+y′2

(
y2ω2 − 1

)
,

∆ = −ṗ2S − 2ṗωd− ω2r2 + 1, P0 = ω2
(
ω2r2 − 1

)
rp, P1 = 3ω3drp,

P2 = −ω2
(
z′z′′r2 + rp [xx′′ + yy′′ − 2S]

)
+ Sp, P3 = ω(Px + Py),

Px = x
(
y′′

[
x′2 + z′2

]
− y′ [x′x′′ + z′z′′]

)
, Py = y

(
x′ [y′y′′ + z′z′′]− x′′

[
y′2 + z′2

])
,

(A.1)

where ψ′ ≡ dψ/dp, ψ′′ ≡ d2ψ/dp2, ψ̇ ≡ dψ/dt and by ψ we denote any of the

physical quantities.
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